Abstract. We study the shear and bulk viscosity coefficients as well as the thermal conductivity as arising from the collisions among phonons in superfluid neutron stars. We use effective field theory techniques to extract the allowed phonon collisional processes, written as a function of the equation of state and the gap of the system. The shear viscosity due to phonon scattering is compared to calculations of that coming from electron collisions. We also comment on the possible consequences for rmode damping in superfluid neutron stars. Moreover, we find that phonon collisions give the leading contribution to the bulk viscosities in the core of the neutron stars. We finally obtain a temperature-independent thermal conductivity from phonon collisions and compare it with the electron-muon thermal conductivity in superfluid neutron stars.
INTRODUCTION
The study of superfluidity in neutron stars has been a matter of interest over decades after Migdal' s observation that superfluidity may occur in the core of compact stars [1] . Different neutron star phenomena such as pulsar glitches, star cooling or the dynamics of the neutron star's oscillations might be explained assuming superfluidity inside neutron stars.
Some of these phenomena are determined by the behavior of transport coefficients in the presence of superfluidity. The r-modes, which are toroidal modes which only occur in rotating stars, with the Coriolis force acting as their restoring force, are generically unstable in all rotating stars through their coupling to gravitational radiation (GR) emission [2, 3] . When dissipative phenomena, such as shear and bulk viscosities, damp these r-modes the star can rotate without losing angular momentum to GR. Thus, as most of the known neutron stars are pulsars and their rotation frequencies are known with a lot of accuracy, the study of r-modes can be used to constrain the internal stellar structure and the possibility of superfluidity. Also, the cooling of a neutron star could give some hints on its composition and the presence of superfluidity since it depends on the rate of neutrino emission, the photon emission rate, the specific heat and in young stars on the thermal conductivity [4, 5] .
At low temperatures neutron matter superfluidity occurs after the appearance of a quantum condensate, associated to neutron pairing. The condensate spontaneously breaks the global U(1) symmetry associated to baryon number conservation. Thus, the Goldstone theorem predicts the existence of a low energy mode that explains the property of superfluidity, the so-called superfluid phonon.
In this manuscript we explore the phonon contribution to the shear [6, 7] and bulk viscosities [8] as well as to the thermal conductivity [9] for superfluid neutron matter in the core of neutron stars. In order to compute the phonon contribution one needs to assess the relevant phonon collisions which are responsible for the transport phenomena. In this paper we exploit the universal character of effective field theories (EFT) to present a very general formulation to determine the leading phonon interactions [10, 11] , that depends on the equation-of-state (EoS) and the superfluid gap of the system.
where P(µ) and µ are the pressure and chemical potential, respectively, of the superfluid at T = 0. The quantity ϕ is the phonon field and m is the mass of the particles that condense. After a Legendre transform, one can get the associated Hamiltonian, which has the same form as the one used by Landau to obtain the self-interactions of the phonons of 4 He [11, 12] . After a Taylor expansion of the pressure, and rescaling of the phonon field (φ ) to have a canonically normalized kinetic term, the Lagrangian for the phonon field is given by
The different phonon self-couplings of Eq. (2) can be expressed as different ratios of derivatives of the pressure with respect to the chemical potential [13] , or, similarly, in terms of the speed of sound at T = 0 and derivatives of the speed of sound with respect to the mass density. The speed of sound at T = 0 is given by
where ρ is the mass density. The three and four phonon self-coupling constants can be expressed as
The dispersion law obtained from this Lagrangian at tree level is exactly E p = c s p.
A next-to-leading order (NLO) Lagrangian in a derivative expansion can be constructed as well (see, for example, the expression for cold Fermi gas in the unitarity limit [11] ). For our purposes, we will simply compute the leading order T corrections of the transport coefficients so we do not need it. It is however relevant that the phonon dispersion law suffers corrections when one goes beyond the LO expansion. In fact, at NLO the phonon dispersion law reads
The sign of γ determines whether the decay of one phonon into two is kinematically allowed or not. Only dispersion laws that curve upward can allow such processes. The value of γ can be computed through a matching procedure with the underlying microscopic theory. For neutrons paring in a 1 S 0 channel within neutron stars it can be seen that [9] with v F being the Fermi velocity and ∆ the value of the gap in the 1 S 0 phase. We will assume that γ takes this same value in the 3 P 2 phase, with ∆ being the angular averaged value of the gap in that phase. Thus, considering that γ < 0 the first allowed phonon scattering will be binary collisions. Explicit values for the gap function used in this work are given in the next section.
EQUATION OF STATE AND GAP OF SUPERFLUID NEUTRON MATTER
The EoS for neutron matter in neutron stars is the key ingredient to calculate the speed of sound at T = 0 as well as the different phonon self-couplings. A common benchmark for a nucleonic EoS is the one by Akmal, Pandharipande and Ravenhall (APR) [14] in β -stable nuclear matter. Heiselberg and Hjorth-Jensen parametrized the APR EoS of nuclear matter in a simple form [15] , which will subsequently be used in this paper. The effect of neutron pairing ∆ in the EoS is not considered because of ∆/µ << 1.
The ratio of the speed of sound c s with respect to the speed of light c is shown on the l.h.s of Fig. 1 for β -stable nuclear matter as a function of the density. We observe that the assumption that the APR model for β -stable nuclear matter is non-relativistic breaks down at densities of the order of 1.5-2 n 0 . For those densities, relativistic effects appear as the APR EoS includes not only two nucleon but also three nucleon interactions.
On the r.h.s of Fig. 1 we present two very different gap models that are used in this work as a function of the density in order to illustrate the model dependence of our results. The first model, named hereafter 1 S 0 (A)+ 3 P 2 (i), consists of the 1 S 0 neutron gap that results from the BCS approach using different bare nucleon-nucleon interactions that converge towards a maximum gap of about 3 MeV at p F ≈ 0.85fm −1 (parametrization A of Table I in Ref. [16] ). The anisotropic 3 P 2 neutron gap is more challenging and not fully understood as one must extend BCS theory and calculate several coupled equations while including relativistic effects since the gap extends for densities inside the core. We have taken the parametrization i (strong neutron superfluidity in the core) of Table I in Ref. [16] for the 3 P 2 neutron angular averaged value, which presents a maximum value for the gap of approximately 1 MeV. The second model considered, 1 S 0 (a)+ 3 P 2 (h), goes beyond BCS for the 1 S 0 neutron gap as it incorporates medium polarization effects (parametrization a). The maximum value for the gap is then reduced to 1 MeV. Moreover, for the 3 P 2 neutron gap we have taken into account the parametrization h (strong neutron superfluidity) with a maximum value of about 0.5 MeV. The corresponding transition temperatures from the superfluid to the normal phase for both models are T c ∼ 1/2∆ 0.25 × 10 8 K.
SHEAR VISCOSITY AND THE R-MODE INSTABILITY WINDOW
The shear viscosity η is as a dissipative term in the energy-momentum tensor T i j . For small deviations from equilibrium one finds that where V is the three fluid velocity of the normal component of the system. The superfluid phonon contribution to the energy-momentum tensor of the system is given by
where f is the phonon distribution function. The distribution function obeys the Boltzmann equation [12] 
being in the superfluid rest frame, and C[ f ] is the collision term. For the computation of the collision term it is enough to consider binary collisions, as previously discussed. In order to compute the shear viscosity we proceed by considering small departures from equilibrium to the phonon distribution function and linearizing the corresponding transport equation [6] . It is then necessary to use variational methods in order to solve the transport equation, as in Refs. [17, 18, 19] . The final expression for the shear viscosity is given by [6] η = 2π 15
where M is a multidimensional integral that contains the thermally weighted scattering matrix for phonons. On l.h.s. of Fig. 2 we show that the shear viscosity due to the binary collisions of superfluid phonons scales with temperature as 1/T 5 . This indeed results from a very simple dimensional analysis and it is a universal feature that occurs in other superfluid systems such as 4 He [12] or superfluid cold atoms at unitary [19, 20] . The choice of EoS determines the exact numerical values of η.
A relevant discussion is to know the temperature regime where our results are applicable. Hydrodynamics is only valid when the mean-free path (mfp) is smaller that the typical macroscopic length of the system, in this case, the radius of the star. We show on the r.h.s. of Fig. 2 the mfp of phonons for different densities as a function of temperature. We also indicate the limit of 10 Km for the radius of the star. The mfp l was extracted from the computation of η in Ref. [18] 
where < p > is the thermal average momentum, and n is the phonon density:
We observe that for temperatures below T ∼ 10 9 K, the phonon mfp is bigger than the size of the star, thus indicating that a hydrodynamical description of the phonons of the star is questionable below this temperature. We note that the critical temperature for the phase transition to the normal phase is T c ∼ 10 10 K. 
r-mode instability window
R-mode oscillations have been studied extensively in the literature and various damping mechanisms have been proposed [2] . When viscous damping of the r-mode is taken into account the star is stable at low frequencies, or at very low or high temperatures, but there is typically an instability region at enough high frequencies [21, 22] . Since the spin rate of several neutron stars falls in this instability window, most of the studies of the r-modes are focused in modifying or eliminating the instability window.
In order to assess the r-mode instability window one has to compute the value of the different time scales associated to both the instability due to gravitational wave emission τ GR , and to the various dissipative processes that may damp the r-mode in the star. In this work we only analyze the effect of the shear viscosity, τ η , in the r-mode instability window by solving
where the characteristic time scales are given by the expressions of Ref. [21] (in C.G.S. units)
and
We study only r-modes with l = 2 because they are the dominant ones [2, 21] . It has been seen in the literature that electron collisions are one of the most efficient damping mechanisms in neutron stars [23] . Thus, we consider both the shear viscosity as arising from electrons and phonons. For the calculation of the characteristic time associated to the phonon shear viscosity we only take into account the phonon contribution in the hydrodynamical regime. This is achieved by introducing a temperature-dependent lower limit (R c ) in the integral for the shear viscosity in Eq. (16).
In Fig. 3 we show the r-mode instability window of the neutron star as arising from considering shear viscous damping for two star mass configurations, 1.4 M sun and 1.93 M sun . The critical frequency in Fig. 3 is given in terms of Ω 0 = √ Gπρ, whereρ is the average mass density of the star, and it is displayed as a function of the temperature for the different processes studied. We display the estimate from Shternin and Yakovlev that considers the longitudinal and transverse plasmon exchange in superconducting matter with a transition temperature of T cp ∼ 10 9 K [23] (dashed lines) and the hydrodynamical phonon shear viscosity (dashed-dotted lines). Moreover, we display the sum of both the shear viscosity due to electron collisions from Shternin and Yakovlev and the hydrodynamical phonon shear viscosity (solid lines). We observe that for low temperatures the electron contribution to the shear viscosity dominates and governs the processes of r-mode damping. The dissipation stemming from phonon processes in the hydrodynamical regime is non-negligible for T 7 × 10 8 K for a star of 1.4 M sun while temperatures of T 10 9 K are needed for a mass configuration of 1.93 M sun .
BULK VISCOSITIES
The bulk viscosity (ζ ) enters as coefficient in the dissipative hydrodynamic equations. In superfluid matter there are four bulk viscosity coefficients [12] . While the physical meaning of ζ 2 is the same as in a normal fluid, ζ 1 , ζ 3 , ζ 4 refer to dissipative processes which lead to entropy production only in the presence of a space-time dependent relative motion between the superfluid and normal fluid components.
One can extract the values of the bulk viscosities following a method developed by Khalatnikov [12] , which consists of studying the dynamical evolution of the phonon number density. It has been shown in Ref. [24] that this method is equivalent to the method of computing the bulk viscosities using a Boltzmann equation for the phonons in the relaxation time approximation. For small departures from equilibrium and for small values of the normal and superfluid velocities it turns out that [12] ζ
with Γ ph the phonon decay rate and
The quantities I 1 and I 2 are defined as
where B = c s γ and ζ (n) is the Riemann zeta function. Note that in order to have non-vanishing values of the bulk viscosities one needs to consider the phonon dispersion law beyond linear order. For astrophysical applications it is however more important to compute the bulk viscosity coefficients when the perturbation that leads the system out of equilibrium is periodic in time. It is then easy to generalize the expressions for the transport coefficients in this situation (see for example Ref. [25] ):
From the above expressions one can define the value of a characteristic frequency ω c for the phonon collisions as ω c = 1
In the limit where ω ≪ ω c one recovers the static bulk viscosity coefficients of Eqs. (17) . After an expansion or rarefaction of the superfluid, the system goes back to equilibrium after a change in the number of phonons. Thus, the phonon decay rate Γ ph takes into account the first kinematically allowed number-changing processes. For superfluids where the phonons have a dispersion law with negative values of γ, the first kinematically allowed number-changing scattering consists of 2 ↔ 3 collisions. The different 2 ↔ 3 processes are given in Ref. [8] .
In Fig. 4 we display the frequency-dependent ζ 2 coefficient at 4n 0 , which describes the damping of stellar pulsations with typical frequencies of ω = 10 3 − 10 5 s −1 . When using the 1 S 0 (A) + 3 P 2 (i) neutron gap model, we observe on the l.h.s. of Fig. 4 that for ω = 10 4 s −1 the bulk viscosity is different by more than 10% from its static value only for T 10 10 K, while for ω = 10 5 s −1 the difference is larger than 10% for T 10 9 K. On the contrary, the ζ 2 coefficient is strongly dependent on the frequency if the 1 S 0 (a) + 3 P 2 (h) model is considered, as seen in the r.h.s. side of Fig. 4 . Similar behavior is expected for the frequency-dependent ζ 1 and ζ 3 bulk viscosity coefficients. One should now compare our results for the frequency-dependent ζ 2 bulk viscosity coefficient coming from the collisions among superfluid phonons with the contribution stemming from direct Urca [26] and modified Urca [27] processes for a typical frequency of ω = 10 4 s −1 . We find that, at T ∼ 10 9 K and for typical radial pulsations of the star, phonon collisions give the leading contribution to the bulk viscosities in the core. We note that in Ref. [8] a different conclusion was reached since the comparison was done taking into account Urca processes in normal matter. In that case, the phonon collisions give the leading contribution to the bulk viscosities in the core of the neutron stars, except when the opening of the Urca processes take place.
THERMAL CONDUCTIVITY
In hydrodynamics the thermal conductivity κ is the coefficient that relates the heat flux with a temperature gradient as q = −κ∇T .
We proceed similarly as in the shear viscosity case and we use variational methods in order to solve the transport equation. The final expression of the thermal conductivity reads [9] κ ≥ 4a 2
where M −1 11 is the (1,1) element of the inverse of a matrix of N × N dimensions. Each element of this matrix is a multidimensional integral that contains the thermally weighted scattering matrix for phonons. The number N is treated as a variational parameter in our numerical study.
It is interesting to note that for the computation of the superfluid phonon contribution to the thermal conductivity, the phonon dispersion law at NLO is required. This is so, as the thermal conductivity strictly vanishes if one uses a linear dispersion law [28] .
On the l.h.s of Fig. 5 we show the results up to order N = 6 for n 0 as a function of temperature. The final value of the number N is determined by imposing that the deviation with respect to the previous order should be 10%. The end temperature is the critical temperature which amounts for T c = 0.57∆(n 0 ) = 3.4 × 10 9 K, with ∆(n) given on the r.h.s of Fig. 1 for the 1 S 0 (A)+ 3 P 2 (i) model for the gap. We obtain that for T 10 9 K, below T c , the thermal conductivity scales as κ ∝ 1/∆ 6 , the factor of proportionality depending on the density. Note that this is the same temperature-independent behavior found for the color-flavor-locked superfluid [28] . Close to T c we would expect that higher order corrections in the energy and momentum expansion should be taken into account both in the phonon dispersion law and self-interactions.
One can also extract the thermal conductivity mfp of the phonons, which is not the same as the mfp associated to shear viscosity (see Eqs. (12, 13) for comparison). For the thermal conductivity the mfp is defined as with the heat capacity for phonons given by [12] 
We show on the r.h.s. of Fig. 5 the mfp of phonons in β -stable neutron star matter for 0.5n 0 , n 0 and 2n 0 as a function of temperature using the 1 S 0 (A)+ 3 P 2 (i) model for the gap. We also indicate the limit of 10 Km for the radius of the star. We observe that for n = 0.5n 0 the superfluid phonon mfp stays below the radius of the star, also for n = n 0 and T 6 × 10 8 K as well as for 2n 0 and T 3 × 10 9 K. We find that l ∝ 1/T 3 , resulting from the temperature independent behaviour of the thermal conductivity. For the case of smaller gap values, such as for the 1 S 0 (a)+ 3 P 2 (h), thermal conductivity can be orders of magnitude higher than the previous case and no hydrodynamical description is possible.
Our results should be compared to the thermal conductivity of electrons and muons mediated by electromagnetic interactions in neutron star cores. In Ref. [29] the calculations of the electron-muon contribution to the thermal conductivity have been revised. We find that thermal conductivity in the neutron star core is dominated by phononphonon collisions when phonons are in a hydrodynamical regime [9] . Our results also indicate that if the contribution of electrons-muons and phonons to κ become comparable, electron-phonon collisions could play an important role in the determination of κ. This deserves further studies.
SUMMARY
Starting from a general formulation based on EFT for the collisions of superfluid phonons, we have computed the shear and bulk viscosities as well as the thermal conductivity due to phonons in the core of superfluid neutron stars.
We have found that the shear viscosity resulting from phonon binary collisions scales with 1/T 5 , a universal feature already seen for 4 He and cold Fermi gases at unitary. The density dependence of shear viscosity is not universal, and depends on the EoS of the system. We have also analyzed the effect of the shear viscosity due to phonons in the r-mode instability window and we have obtained that it is modified for T 10 8 − 10 9 K, the exact temperature depending on the star mass configuration.
We have also calculated the bulk viscosity coefficients due to phonons and concluded that they strongly depend on the gap of the superfluid neutron matter. However, phonon-phonon collisions seem to be the dominant process as compared to Urca and modified Urca processes for the determination of these viscous coefficients.
Finally we have found that the thermal conductivity due to phonons shows a T-independent behaviour for temperatures well below the critical one and it scales as 1/∆ 6 , with the constant of proportionality depending on the EoS. The same behaviour with temperature was observed in the case of the color-flavor-locked phase. Moreover, phonon-phonon collisions dominate the thermal conductivity as compared to electron-muon collisions for typical temperatures inside the core of neutron stars.
Future work requires the careful analysis of electron-phonon collisions in the determination of these transport coefficients in the core of superfluid neutron stars.
